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The aim of this paper is to quantify the effect of small quantities of carbon monoxide on the facilitated diffusion of
oxygen by haemoglobin in the steady state, It is the first phase in the study of a mathematical model for catbon monoxide
poisoning. Here we extend the Wyman moadel for facilitated diffusion to the case in which there are two Ligands. The equa-
tions are solved using an asymptotic technique developed by Murray. We obtain accurate analytic approximations for the
biologically important quantities of the problem for various percentages of carbon monoxide. These are the concentrations
of free oxygen, haemoglobin, oxyhaemoglobin and cartboxyhaemoglobin, and hence the saturation of the protein and the
facilitated oxygen flux. The major effect of very small quantities of cartbon monoxide on the oxygen flux is shown.

1. Introduction

It has been known for a long time that the result of exposure to carbon monoxide in the air is a gradual build-
up of the complex carboxyhaemoglobin in the blood (e.g. ref. [1]). Because the back reaction HbCO — Hb + CO
is very slow it is clear that a small concentration of carb~n monoxide in the air eventually leads to a large concen-
tration of HbCO in the blood. Thus the haemoglobin is not free to combine with oxygen, and cannot fulfil its
task of transporting it round the body. ‘

Here we shall be concemed with the effect of this build-up on the haem-facilitated diffusion of oxygen across
membranes containing haemoglobin. The facilitation is effected by the diffusion of the oxygen-haemoglebin com-
plex across the membrane. The purpose of the analysis here is to obtain quantitative results. We shall discuss in
this note the steady-state problem and quantify the effects of various concentrations of carbon monoxide at the
high-pressure side of the membrane. The more complicated unsteady problem for a particular concentration of
carbon monoxide to find the length of time needed to achieve the steady state wilt be reported elsewhere.

The ultimate aim of this research is to cbtain quantitative results, as regards time scales, for the effective treat-
ment of patients with carbon monoxide poisoning by subjecting them to oxygen at high partial pressures (of the
order of 400—600 torr). It is hoped that such quantitative information might help to prevent oxygen poisoning
which is a serious problem with such treatment. It is hoped too that it might help in the decision between oxygen-
tent treatment and blood transfusion.

Wittenberg [2] and Scholander [3] independently investigated the facilitated diffusion of oxygen through solu-
tions containing haemoglobin. Later Wittenberg [4] conducted a series of experiments to elucidate the actual me-
chanism of the phenomenon. In these experiments a thin millipore membrane was placed between two regions, in
one of which there was a high concentration of gas (oxygen or carbon monoxide), while in the other the pressure
of gas was kept as low as possible. The flux of gas across the membrane was measured when haemoglobin was
present and when it was not. It was found that the effect of the haemoglobin was approximately to double the
oxygen flux. On the other hand there was no casbon monoxide facilitation.

* M.F. Britton would like to acknowledge the support of the Science Research Council of Great Britain.
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Wittenberg [4] proposed that the increased diffusion of oxygen was due to the formation of oxyhaemoglobin
molecules and the translational diffusion of these. Wyman {5] preduced a mathematical model based on this pro-
posal and obtained approximatz solutions which agreed well with experiment. This fundamental paper has been
the basis of all subsequent haem-facilitated diffusional theories. The non-facilitation of carbon monoxide was ex-
plained by Murray and Wyman [6] using the Wyman model. Murray [7] used the model with slight modifications
to obtain analytical solutions which also agreed well quantitatively with Wittenberg’s [4] results while Kreuzer
and Hoofd [8] and Kutchai et al {9] obtained numerical solutions. However the last two papers used fundamental-
ly different boundary conditions to Murray’s [7]; their results are also in general agreement with experiment. The
whole question of boundary conditions was discussed by Mitchell and Murray [10] who proved that to a high de-
gree of approximation the two aifferent sets of boundary conditions give the same results and hence justify the
simpler procedure put forward by Murray [7].

Here we use the Wyman model extended to the case of a mixture of oxygen and carbon monoxide and study
the effect of various percentages of CO in the mixture in the steady state. As is intuitively clear the facilitated
oxygen flux drops off to a negligible amount at quite small concetrations of cartbon monoxide due to haemoglobin
saturation and the high affinity of Hb for CO as compared to O;.

The system of equations is solved using an asymptotic procedure, and the solutions show the major effect of
minute quantities of carbon monoxide in haem-facilitated oxygen diffusion.

2. Wyman model for two ligands

We consider a layer of solution / cm thick, the membrane, in which we have haemoglobin, which combines re-
versibly with oxygen and carbon monoxide. Let the concentration of free oxygen be ¢, of free carbon monoxide
be ¢, , of haemoglobin be c3, of oxyhaemoglobin be ¢4, and of carboxyhaemoglobin be ¢5. Let their fluxes be
similarly J,,J5, J3,J4, and Js, their rates of loss through reaction be p,, p5, p3, 84, and p5 and their diffusion
coefficients be Dy, D5, D3, Dy, and Ds. In view of the size of the molecules of the haem-complexes it is reason-
able to assume that they and haemoglobin all diffuse with the same diffusion coefficient D, that is D3=D,=Ds=D.
The experimental value for D is taken from Riveros-Moreno and Wittenberg [11], for D, from Wittenberg [12],
and for D, from Longmuir and Roughton [13].

The reactions of the haemoglobin with the ligands are taken to be described by the rate constants ky,k_y, &5,
k_,,where

k k
Hb+0, = HbO,,  Hb+CO ké HbCO. 1,2)
-1 -2

Since haemoglobin has four binding sites per molecule this is not a completely accurate description of the kinet-
ics; k; and k, depend on the saturation of the haemoglobin molecule, although k_; and &_, can certainly be taken
constants. We take values of k_jand k_, from Wittenberg [12] and Gibson [14]. Wyman [5] suggested taking an
average value for the “on” constants k; and k,, which we also do here. This is undoubtedly a major assumption.
However previous work on facilitated diffusion has been done on this basis, experimentally by Wittenberg [12] in
the case of oxygen and Brunori et al [15] in the case of carbon monoxide, whence we take our values of &, and
k5, and theoretically by Murray {7] and Murray and Wyman [6]. These theoretical studies give results in accor-
dance with known biological facts.

The equation for a chemical species under reaction and diffusion in one dimension 1s given by

ac,- azc,-

.,._.=_pi+D.

3r ,W, l=l,2,._.,5, (3}

where D; is the diffusion coefficient (assumed constant), p; is the rate of loss of ¢; through reaction, and x is the
distance measured from the high-pressure side of the membrane.
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The law of mass action applied to (1) and (2) gives

py=kiciez —k_jc4,  pp=kyepe3 —k_acs,  P3=pytpr, pa=—py. Ps=—Py. (4)
and the equations (3) and (4) become, in the steady state,

Dycy=kjcyc3 — k_y€4 =Py, Dycy =kpeye3 — Kk 565 =p3 (5,6)

Dcy=py+p3,  Dcg=—py,  Dcs=—py, 7-9)

where primes denote differentiation with respect to x.

We specify ¢ and ¢, at x=0 and x=/, although the values at x={ cannot be determined with any great accuracy.
The boundary conditions on ¢3, ¢4, and cg are that there is no flux of protein through the walis of the membrane,
and so we have

=——=—>"=0, atx=0andx=L (10)
As a result of Murray’s {7] and Mitchell and Murray’s [10] analysis we can use, in most practical circumstances,
the mathematically simpler boundary conditions
¢;=c;(0) atx=0, c;=ci() atx=l, (i=3,4,5), an

where the values of ¢;(0), ¢;(!) for i = 3, 4, 5 are to be determined later, The conditions under which we can do
this are when the ratio of the diffusion time to the reacticn time is very small (see next section).

3. Asymptotic solutions

Adding (7), (8) and (9} and integrating twice, making use of (10), we have
c3 t ¢4 + €5 = ¢ = constant, (12)

the conservation equation for the protein.
We now non-dimensionalize the equations, so that the only parameters of the problem are non-dimensional
ones independent of the system of units choseri. We define the new dimensionless variables by

g% o1 L _ 2 L 6 . 9 . S (13)
" "1 0 "2 c,0y 3¢ 47 ¢ ST ey

Here ¢4 and ¢ are the partial saturations of the haemoglobin with oxygen and carbon monoxide respectively.

Let us define v, = ¢;(0), v, = ¢5(0), and let 7y, = Ayy, so that A is the ratio of the concentration of carbon monox-
ide to that of oxygen on the high-pressure side of the membrane.

The full system of equations becomes, in dimensionless form,

Dyvy a2ty o~ - Dyy 423, ~
7 & =K17166163 — K_16eC4 = Py, 2 a2 =&y72¢C2C3 — k_cCs = P25 (14, 15)
De, 428, D¢, a2 o

2 az2 P @ g2 P S3tegtes=1. (16-18)

Adding (14) and (16) and integrating twice,
D17lEl+Dct54 =AIE +Bl. (19)
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Similarly, from (15) and (17),

02722'2 + DctES = Azg + Bz. (20)
Using, the boundary conditions (11), these become

D7 €y +Decy =Dy + DeB4(0) + X {Dy 74 (€;(1) — 1) + De(4(1) — ¢4(0))}, (21)

02122"2 + DctES = 0272 + DCtE:S(O) +% {D272(32(1) — l) + Dct(és(l) - '(:‘-5(0))}. (22)

For convenience in what follows we drop the tildes, but it should be kept in mind that all quantities are now
non-dimensional. A prime now represents differentiation with respect to the new (nondimensional) x.
Equation (14) gives

(D1 /fleei?) cy=cye3 — (k_y/ky1i) cq

which on substituting for ¢q and ¢4 from (18), (19) and (20) becomes

Dy 1 1 k1 1
c1=c;{l——=—(@Ax+B{—D;vicy) —+— (Arx *+ By —Dy1rcy)t —57— =~ (Ax+ By —-D71c1)
g2 1 1{ De, A *B1-D1mier) ~ po (Aax * By = Damac) [~ e (Arx B =Dime
which we write as
c'l'=a1+[31x+(61+§1x)c1+n1c% +91CIC2 N (23)
where
2
o __Bik o | Ak _kyed? B B kD
DDy, > %1 D\Dv; ° 1 D De, Dey  kyDc,
=klct12 _ Al B A2 =IC1')'112 0 =k1120272 (24)
17D, | De, D' ™MD 1" B

Similarly (15) gives
(Dy/kyc2) e =cye3 — (k_z/ky73) €5

which on substituting from (18), (19) and (20) becomes

DZ " 1 1 k 1

C: [
kyc 2 2 k372

which we write in the form

€3 =@y + fax + (83 +E2X)Cy +M9C3 +0,c4€5, (25)
where
Bk 12 Ak _,I2 Feac 2 B, B, k_,D,
27T Dby, P27 T Dy 2=_52_{ " Dy De, kzﬂcc}

=k2Ctlz _ Al _ A2 =k27212 P _.kzlle‘Yl
2 Dy | Doy Do)y 7 D 27 D,D - 6

Typical values for the parameters in these equations are given in table 1.
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Table 1

kl k—l k; k_z .D]_ Dz D { Ct Y1

(P mol's™h) 1) (anPmolts™') ) @?sM)  @m®sY)  (em?s ) (cm) (molem ™) (molem™>)
2.85 x 10° 40 2x10° 8x 1072 1.2x10™° 13x107° 245%x1077 22x107% 12x10° 2x1077

We may now estimate the size of the numbers A;, B;, o4, 8;,8;, ;. n;, and 8;, { = I, 2, using the facts that
i(D<1,c5(1)<€1,¢4(0) — (1) <1,¢5(0) — c5(1) < 1. They are

A; =—0(10-12), B, =0(10-12), ¢; = —0(10°), §; =0(10%), 5; £0(10%), §; =0(10%), p; = 0(108),
6, =0(106A); 4, = —0(10~ 12), B, = 0(10 ~12), a5 =—0(103A71), 6, = o031, 5, £0(i0%),

£ =0(10%), n, = 0(10%),and 6, = O(10%).

Defining

€=1075,  a,=ey, by=e€fy dy=e€38; [r1=6l, p=6m. hy=60,, Q@7)
we have

€263 =a5 +hyx +(dy + foX) €3+ 2263 ¥ Iycics (28)
where

dy f,=0Q), a, by =0(10-2a"1), g, =0@10"12), h,=0010"1).
Similarly, defining

e =107%, a2, =g, by=b;, dy=€d;, fi=el, g1=em. k=66, 29)
we have

€€ =ay +byx +(d; +f1x)cl+glc% +hyeqe, (30)
where

2y by, fi. 8,=0(D), dy<O(1), hy=0().

Thus as in previous work a small parameter multiplies the highest derivative in our equation and we have in gen-
eral a singular perturbation prablem, since on setting € =0 the order of the equation is reduced and we cannot then
satisfy all the boundary conditions at x =0 and x=1. We would thus expect the solution to consist of three parts,
(a) an outer solution valid away from the boundaries, obtained by setting € =0, (b) an inner solution valid near
x =0, which satisfies the boundary condition there and matches onto the outer solution outside a small singular re-
gion, and (c) a similar inner solution near x =1, In the singular regions where the inner solutions are valid we re-
quire €;c] to be O(1), so we define inner variables £ = x/e Y2 and n= (l~—x)/e{/ 2 for the inner solutions valid near
x=0and x =1 respectively. Then ; dZe lldx2 becomes d“e IdE2 near x =0 and dzclldﬂ2 near x =1. Hence the
thickness of the singular regions near the boundaries is O(e{}z), or in dimensional terms 0(10‘5) cm, This is so
small that it is most unlikely biologically that the concentrations could change drastically in these regions, and so
we conclude that the outer solution must satisfy the boundary conditions. This procedure has been justified math-
ematically by Mitchell and Murray [10] for the case in which there is only one substrate, that is the equation

EIC;=GI+b1x+(dl+flx)cl+glc%. (31)
Let the solutions to equations (28) and (30) above be ¢; = ¢, (x;¢61) and ¢ = c5(x;€4); let c] satisfy (31). Then
cp(x;ep) =] (x361) + ON). 32)
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since the perturbation based on ) is regular. But we know from Mitchell and Murray’s [10] result that

€} (xsep) = €] (x:0) + O(e}’®) G3)
and as in (32),

c1(x:0) =cj (x;0) + O(N). 3G9
Hence

c1(x:€1) = €, (x:0) + 0(e}2) £ O(N). (35)

Let cl(m =¢i(x;0),i=1,2,3,4,5; then we have

ay +byx +(dy + 10D + 2,602 + b PP =0, 39)
with conditions

Poy=1, Py=c,; (1), P@=1, PU)=cyD). (&73)
Henceforth we drop the superscripts. Substituting back for ¢3 and ¢4 in (36) from (18), (19) and (20),

 epes —GeLifky 1) g =0 @8)

We have shown that there is no boundary layer for oxygen or for oxyhaemoglobin; hence equation (38) shows
that there is none for pure haemoglobin, and from (12), the conservation of protein, there is none for carboxy-
haemoglobin. Hence from (17)

cyc3 — (K _2/k37)es =0, (39)
or substituting for ¢y and ¢5 from {18), (19) and (20),
2y +byx +(dy + fox)cy + 8505 + hycycy =0. “0)

The problem is now reduced from a system of five second order non-linear differential equations to five alge-
braic equations for our five unknowns, which can be solved once we know the values of ¢y (1) and ¢5(1). These
constants depend on how quickly the gases reach the low-pressure side of the membrane and the rate at which
they are removed. We shall find solutions for typical values of these parameters. We know from Wittenberg’s [12)
experiments that a typical value for c;(1) is 10~2. We now wish to estimate ¢, (1) for this value of ¢ 1(1)- It seems
reasonable to postulate conditions such that the concentration of carbon monoxide at the low-pressure side of the
membrane depends largely on the flux of carbon monoxide acrass the membrane compared to the flux of oxygen.
This is physically equivalent to assuming that the method used in removing the gas is not extremely selective in
the sense of pumping away one gas much faster than the other.

The total oxygen flux (free and bound) is given, in dimensional terms, by

Fg, =— 171D vy dey/dx + Dc, dcg/dx}
which from (19) is

Fo, =17 {Dy11(1 —c1 (1)) + Dey(es 0) — cq (1)} @1)
Similarly the total carbon monoxide flux is
Feo =1 H{Dyvy (1 — (1)) + Deyles(0) — c5(1)}- 42)

If the concentration at the Jow-pressure side were proportional to the flux we would have

FcolFo, =72c2(1)ve,(1) = A ca(1)/e; (1)
that ig
23 (IHD 71 —cy (1)) + Dey(c Q) — c4 (N} = c; (Y {D572(1 — (1) + Dey(cs(0) —es (1N} “3)
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e Fig. 1. The concentration of free oxygen, ¢1, as a function of
z the distance across the membrane, x, for sclected values of A,
" the ratio of the carbon monoxide to the oxygen concentra-
tion at the high-pressure side of the membrane: ¢ is the con-
centration relative to its value at the high-pressure side of the

membrane, 2 X 10”7 mole em™3, and x is the distance relative
to the membrane thickness. Parameter values are as in table 1.
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If we assume that c5(1) S 0(10-2) we have
e (D D7 (L= (1N SOUOHN),  Aex(1) Deyleq(0) 4 (1) SOA0THN),

€1 (1) D3 75(1 — (1)) = 010714, e (1) De, = (1071%), (44)
Hence for the right hand side of equation (43) to be of the same order as the left hand side we require c5(0) —
c5(1)=0(\). Hence ¢5(0) —c5(1) =0V if cx(1) O(10-2). But

(1) = (kara/k_3) ca(1)
which is an increasing function of ¢,(1) as ¢5(1) increases, so we have c5(0) ~ c5(1) = O(N) if c5(1) > O(1072)
also. Hence

c5(0) — c5(1) = O(N). (6)

Hence we have an estimate for ¢5(1) and can find the unknowns ¢,(1), c3(1), and ¢4(1) from our algebraic
equations. This enables us to find the magnitude of the facilitated oxygen diffusion, the saturations of the protein
with oxygen and carbon monoxide, namely c4 2nd cg, and the concentration of free oxygen and carbon monox-
ide, given on solving the simultaneous quadratic algebraic equations (28) and (30). The detailed expressions are
given in the next section.

@5)

4. Numerical results

Since X\ is small we get a good approximate expression for the free oxygen concentration from equation (36)
using (35), ignoring the terms of O(e{/ 2) and O (A), namely

@y +byx +(dy * fix) ey +gyc7 =0, 7)
which gives
=—(d1 +£1x) +{{dy + ;%)% — 4g,(a; + b x)}1/2 43

where the positive root of the quadratic is taken since ¢ is a concentration. This is a hypeibola, shown for select-
ed values of X in fig. 1.
From (22) using (46), ignoring terms of O(X), c5 =c5(0), so that from (18), (38) and (39),
kavalk_

= . 49
ST T+ kymyfk_y tkarafk_5 “9)
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of A. lected values of A. The values of all the parametess except vy

are as in table 1.

This concentration is plotted in fig. 2.
Solving (49), (18) and (38) for ¢3 and ¢, in terms of ¢; we have

_ kyric (1 —cs@) . _ka(—cs0) s0.51
AT ke vk P Rpne vk (50,51

We can now find the saturation of the protein with each substrate throughout the membrane. This is shown in fig.3.
From (50), since ¢ (0) and ¢, (1) are given, then c4(0) — c4(1) depends only on c5(0). Hence we can plot the
facilitated flux against A for our given concentration of oxygen 7, shown in fig. 4. We also show the flux depen-
dence on this concentration for selected values of A (fig. 5).
The results show the major effect of even very small quantities of carbon monoxide in the mixture. From fig. 5
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a concentration of only one part of carbon monoxide per thousand reduces the oxygen facilitation by about 25%
and from fig. 2 it builds up a proportion of about 25% carboxyhaemogiobin in the protein.
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